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The Hénon-Heiles Hamiltonian1

The Hénon-Heiles Hamiltonian (1964)

H =
1
2

(X 2 + Y 2) +
1
2

(x2 + y2) +

(
x2y − 1

3
y3
)

Symmetries:

the spatial group is a dihedral
group D3

the complete symmetry group
is D3 × T (T is a Z2
symmetry, the time reversal
symmetry)
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1
Hénon, M.; Heiles, C. (1964). “The applicability of the third integral of motion: Some numerical experiments”. The

Astronomical Journal. 69:73-r79

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 2 / 24



The Hénon-Heiles Hamiltonian

Theorem (Weinstein (1973))
If the Hamiltonian H(x,X) is of class C2 near (x,X) = (0, 0), where x,X ∈ Rn, and the
Hessian matrix H∗∗(0, 0) is positive definite, then for ε sufficiently small any energy
surface H(x,X) = H(0, 0) + ε2 contains at least n periodic orbits of the corresponding
Hamiltonian equations whose periods are close to those of the linear system
ż = JH∗∗(0, 0)z.

Nonlinear normal modes:

from Weinstein’s theorem at
least 2

from the symmetries 8: Πi ,
i = 1, . . . ,8 (Churchill et al.
(1979))

coordinate x

co
or

di
na

te
 y

−1 −0.5 0 0.5 1

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Exit 1

Exit 3Exit 2

H=1/6

Π1

Π2Π3

Π4

Π6 Π5

Π7,8

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 3 / 24



Escape basins: plane (y ,E)
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for H < 1/6 all orbits
are bounded.

for 1/6 < H . 0.22
most orbits are
escape orbits and
some KAM tori
persist.

for 0.22 . H no KAM
tori and all orbits are
escape orbits (?).
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Escape basins

For any value of E we have fractal exit basins.
The fractality decreases with E .
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Wada basins: The basins have the Wada property2

2
J. Aguirre, J. C. Vallejo, and M. A. F. Sanjuán, Phys. Rev. E 64, 066208 (2001)
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Fractal structures near the critical energy level: Π1

1/6

Below escape energy:

blue regular

red chaos.

Above escape energy:

dark blue escape
orbits.

red escape with
transient chaos.

Π1 stability varies as
E approaches the
critical value.
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Fractal structures near the critical energy level
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Fractal bounded structures and symmetric p.o.
Fractal bounded structures and symmetric p.o.

♦ KAM tori disappear on y-axis around
E ≈ 0.2113.

♣ Periodic orbits.

♣ OFLI2 chaos indicator.

R. Barrio, F. Blesa, S. Serrano. EPL 82 (1) 10003 (2008).
F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 9 / 24
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Fractal bounded structures and symmetric p.o.
Fractal bounded structures and symmetric p.o.

♦ Fat-fractal exponent of the regular
region: γ = 0.637(±0.056).

♣ Red: unstable p.o.

♣ Green: stable p.o.

♣ Small zones of stable periodic orbits.

R. Barrio, F. Blesa, S. Serrano. EPL 82 (1) 10003 (2008).
F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 9 / 24
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Fractal and regular bounded structures
In the escape region

Fractal and regular bounded structures
In the escape region

Above the escape
energy:

Safe regions:
bounded structures
in the escape region.

Small regular region
around E ≈ 0.253.

Self-similar regions
with chains of
bifurcations inside.
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Bifurcations: safe region
Bifurcations: safe region
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R. Barrio, F. Blesa, S. Serrano, New Journal of Physics, 11 (5) 053004 (2009).
F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 11 / 24
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Adding perturbations: to escape or not to escape ...3
Perturbations

Adding perturbations to the Hénon-Heiles system

Unperturbed

ẍ = − ∂H0

∂x
− αx ẋ + Ax sin(ωx t) +

√
2εξ(t)

ÿ = − ∂H0

∂y
− αy ẏ + Ay sin(ωy t) +

√
2εη(t)





Dissipation
Periodic driving
White Gaussian noise

F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 12 / 24

3
“To escape or not to escape, that is the question–Perturbing the Henon-Heiles Hamiltonian”, F. Blesa, J. Seoane, R. Barrio,

M.A. Sanjuán, IJBC, Vol. 22, No. 6 (2012).
“Effects of periodic forcing in chaotic scattering”, F. Blesa, J. Seoane, R. Barrio, M.A. Sanjuán, PRE 89, 042909 (2014).
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DissipationDissipation

Above α = 0.01 and below α = 0.1
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As the dissipation grows, the Wada property appears later.
There are more orbits that don’t escape.
F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 15 / 24
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Dissipation: changing the initial energyDissipation: changing the initial energy

Left: α = 0.01 and right: α = 0.1

y y

E

α=0.01 α=0.1

The basins are not mixed when the dissipation grows.

F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 16 / 24
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Periodic driving: A = 0.1Periodic driving: A = 0.1
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Periodic driving: Ax = Ay = 0.1Periodic driving: Ax = Ay = 0.1
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Noise: E = 0.19 and ε = 0.002Noise: E = 0.19 and ε = 0.002

Noiseless case. ε = 0.002

The basins appear smeared because of the noise effect.

J. M. Seoane, L. Huang, M. A. F. Sanjuán, and Y. C. Lai, Phys. Rev. E 79, 047202 (2009).
F. Blesa et al (Spain) Fractals, Bif., Chaos in Hénon-Heiles Astromath 2009 22 / 24
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Adding perturbations: to escape or not to escape ...

July 6, 2012 19:6 WSPC/S0218-1274 1230010

To Escape or Not to Escape, That is the Question

model. In this work, we have also added the effect of
both noise and dissipation on the basin structure in
the physical (x, y) and phase (y, ẏ) space for a bet-
ter understanding of the role of these perturbations
in systems with escapes.

In the presence of all these perturbations,
namely noise, dissipation and forcing, the equations
of motion can be written as follows:

ẍ = −∂H0

∂x
− αxẋ+Ax sin(ωxt) +

√
2εξ(t),

ÿ = −∂H0

∂y
− αy ẏ +Ay sin(ωyt) +

√
2εη(t),

(3)

where αx and αy are the dissipative parameters, Ax

and Ay the amplitude of the driving, ωx and ωy the

frequency of the driving, ε the intensity of the noise
and ξ(t) and η(t) random variables. For our numer-
ical simulations and without any loss of generality
in the results obtained we have taken αx = αy = α,
Ax = Ay = A and ωx = ωy = ω. Note that if
αx �= αy theD3 symmetry is not conserved, whereas
the other perturbed cases break immediately the
symmetry also for Ax = Ay = A and ωx = ωy = ω
(but the results will differ faster from the symmetric
case).

Figures 2 and 3 show the exit basins and basins
of attraction in the physical and the phase space
using the boundary limits of the unperturbed case
(the zero velocity curves). Each block — (a), (b),
(c) and (d) — corresponds to the unperturbed
case, with dissipation, with noise or with a periodic
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Fig. 4. Typical exponential decay law for the particles remaining in the scattering region. R denotes the fraction of particles
remaining in the scattering region. Here, we shoot 5 × 103 with energy E = 0.2 from (x0, y0) = (0,−0.5) and θ ∈ (0, 2π).
(a) Algebraic law of the unperturbed system. (b) In presence of dissipation. The dissipative parameter is α = 0.01 or α = 0.1.
(c) Due to the noise effects. The intensity of the noise ε = 0.01 and (d) with a periodic driving. The forcing amplitude is
A = 0.1 and the forcing frequency is ω = 1 (resonant case), ω = 0.1 or (c) ω = 10. The oscillations around the straight line
obtained from the linear regression of the numerical data is due to the value of the chosen frequency ω.
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And soon ... relativistic effects (Sanjuán, Bernal, Seoane, Blesa, Barrio)
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Other open Hamiltonians: the Barbanis potential

H = 1
2(X 2 + Y 2) + 1

2(x2 + y2)− xy2.

Two exits
Applications in quantum dynamics and to model S1 ← S0
fluorescence excitation of benzophenone.
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But I am mathematician→
→ Computer Assisted Proofs: interval arithmetic

Definition: Interval Newton Operator

Let y0 ∈ [y ] (interval). Let f : R→ R, C(1, such that f ′ 6= 0 in [y ].

N(y0, [y ], f ) = y0 −
f (y0)

f ′([y ])

Theorem
If y1, y2 ∈ [y ], and f (y1) = f (y2), then y1 = y2.
If N(y0, [y ], f ) ⊂ [y ], then ∃!y∗ ∈ [y ] such that f (y∗) = 0.
If N(y0, [y ], f ) ∩ [y ] = ∅, then f (y) 6= 0 in [y ].
If y1 ∈ [y ] and f (y1) = 0, then y1 ∈ N(y0, [y ], f ).

We have to transform our problem into a zero-finding problem.
Use of the CAPD software (Krakow)
R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 20 / 24



Graphical theorem4.
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Theorem ≈ 25000 proofs
Each point (except red points) represents the rigorous initial conditions
of a unique periodic orbit in an interval of radius 10−8, whose
multiplicity will be in {1, 2, 3, 4, 5}, according to the color (except red
points).

4
R Barrio, M Rodriguez, F Blesa, “Computer-assisted proof of skeletons of periodic orbits”, Computer Physics

Communications 183 (2012), 80-85
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Graphical theorem5
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Theorem
Inside each colored area there exist a continuous family of periodic
orbits of multiplicity 1, 2 or 5 according to the color.

5
Systematic Computer Assisted Proofs of periodic orbits of Hamiltonian systems R Barrio, M Rodríguez Communications in

Nonlinear Science and Numerical Simulation 19 (8), 2660-2675, 2014.
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Analytical theorem

Theorem. Family m = 1
For the Henon-Héiles system, let the energy E be in the interval
[0.01,0.18]. We consider Ẽ the linear transformation of E into the
interval [−1,1]. We define p∗(Ẽ) =

∑10
i=0 ciTi(Ẽ), where Ti are the

Chebyshev polynomials. Then for each E in [0.01,0.18] there exists a
unique periodic orbit of multiplicity 1, whose initial conditions are:

y0 = p(Ẽ)± ε

x0 = Y0 = 0
X0 = X (x0, y0,Y0,E) (according to Hamiltonian equation)

where 0 ≤ ε ≤ 10−4.
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Analytical theorem of the existence of the KAM tori6
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Computer assisted proof of the existence of the families of
periodic orbits.
Computer assisted proof of the existence of multiplicity 1, 2, 3 and
4 bifurcations of periodic orbits.
Computer assisted proof of the existence of the invariant tori.

6
“Systematic Computer-Assisted Proof of branches of stable elliptic periodic orbits and surrounding invariant tori”, D

Wilczak, R Barrio, SIAM Journal on Applied Dynamical Systems 16 (3), 1618-1649, 2017.
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