
Other open Hamiltonians: the Barbanis potential

H = 1
2(X 2 + Y 2) + 1

2(x2 + y2)− xy2.

Two exits
Applications in quantum dynamics and to model S1 ← S0
fluorescence excitation of benzophenone.
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But I am mathematician→
→ Computer Assisted Proofs: interval arithmetic

Definition: Interval Newton Operator

Let y0 ∈ [y ] (interval). Let f : R→ R, C(1, such that f ′ 6= 0 in [y ].

N(y0, [y ], f ) = y0 −
f (y0)

f ′([y ])

Theorem
If y1, y2 ∈ [y ], and f (y1) = f (y2), then y1 = y2.
If N(y0, [y ], f ) ⊂ [y ], then ∃!y∗ ∈ [y ] such that f (y∗) = 0.
If N(y0, [y ], f ) ∩ [y ] = ∅, then f (y) 6= 0 in [y ].
If y1 ∈ [y ] and f (y1) = 0, then y1 ∈ N(y0, [y ], f ).

We have to transform our problem into a zero-finding problem.
Use of the CAPD software (Krakow)
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Graphical theorem4.
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Theorem ≈ 25000 proofs
Each point (except red points) represents the rigorous initial conditions
of a unique periodic orbit in an interval of radius 10−8, whose
multiplicity will be in {1, 2, 3, 4, 5}, according to the color (except red
points).

4
R Barrio, M Rodriguez, F Blesa, “Computer-assisted proof of skeletons of periodic orbits”, Computer Physics

Communications 183 (2012), 80-85
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Graphical theorem5
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Theorem
Inside each colored area there exist a continuous family of periodic
orbits of multiplicity 1, 2 or 5 according to the color.

5
Systematic Computer Assisted Proofs of periodic orbits of Hamiltonian systems R Barrio, M Rodríguez Communications in

Nonlinear Science and Numerical Simulation 19 (8), 2660-2675, 2014.
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Analytical theorem

Theorem. Family m = 1
For the Henon-Héiles system, let the energy E be in the interval
[0.01,0.18]. We consider Ẽ the linear transformation of E into the
interval [−1,1]. We define p∗(Ẽ) =

∑10
i=0 ciTi(Ẽ), where Ti are the

Chebyshev polynomials. Then for each E in [0.01,0.18] there exists a
unique periodic orbit of multiplicity 1, whose initial conditions are:

y0 = p(Ẽ)± ε

x0 = Y0 = 0
X0 = X (x0, y0,Y0,E) (according to Hamiltonian equation)

where 0 ≤ ε ≤ 10−4.
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Analytical theorem of the existence of the KAM tori6
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THEOREM

A B C

Computer assisted proof of the existence of the families of
periodic orbits.
Computer assisted proof of the existence of multiplicity 1, 2, 3 and
4 bifurcations of periodic orbits.
Computer assisted proof of the existence of the invariant tori.

6
“Systematic Computer-Assisted Proof of branches of stable elliptic periodic orbits and surrounding invariant tori”, D

Wilczak, R Barrio, SIAM Journal on Applied Dynamical Systems 16 (3), 1618-1649, 2017.
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