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Fractal structures in nonlinear dynamics

Jacobo Aguirre”
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28850 Torrejon de Ardoz, Madrid, Spain
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Miguel A. F. Sanjuan®

Departamento de Fisica, Universidad Rey Juan Carlos, Tulipan s/n, 28933 Mostoles,
Jacobe Aguirre, Juan C. Vallejo, and Miguel A. F. Sanjuan Madirid, Spain
Nounlinear Dynamics and Chaos Group, Departamento de Cienqias Experimentales e Ingenieria, Universidad Rev Juan Carlos, Tulipan (Published 17 March 2009)
s, 28933 Mostoles, Madrid, Spain
(Received 25 Tuly 2001 ; published 27 November 2001)

Wada basins and chaotic invariant sets in the Henon-Heiles system

In addition to the striking beauty inherent in their complex nature, fractals have become a
fundamental ingredient of nonlinear dynamics and chaos theory since they were defined in the 1970s.
Moreover, fractals have been detected in nature and in most fields of science, with even a certain
influence in the arts. Fractal structures appear naturally in dynamical systems, in particular associated
with the phase space. The analysis of these structures is especially useful for obtaining information
about the future behavior of complex systems, since they provide fundamental knowledge about the

The Hénon-Heiles Hamiltonian is investigated in the context of chaotic scatlering, in the range of energies
where escaping from the scattering region is possible. Special attention is paid to the analysis of the different
nature of the orbits, and the the invariant sets, such as the stable and unstable manifolds and the chaotic saddie.
Furthermore, a discussion on the average decay time associated to the typical chaotic transients, which are

present in this problem, is presented. The main goal of this paper is to show, by using various computational relation between these systems and uncertainty and indeterminism. Dynamical systems are divided
methods, that the corresponding exit basins of this open Hamiltonian are not only fractal, but they also verify into two main groups: Hamiltonian and dissipative systems. The concepts of the attractor and basin of
the more restrictive property of Wada. We argue that this property is verified by typical open Hamiltonian attraction are related to dissipative systems. In the case of open Hamiltonian systems, there are no
systems with three or more escapes. attractors, but the analogous concepts of the exil and exil basin exisl. Therelore basins [ormed by

initial conditions can be computed in both Hamiltonian and dissipative systems, some of them being
DOL: 16.1103/PhysRevE.64.066208 PACS number{s): 05.45.Ac, 05.45.Pq, 95.10.Fh smooth and some fractal. This fact has fundamental consequences for predicting the future of the

system. The existence of this deterministic unpredictability, usually known as final state sensitivity. is
typical of chaotic systems, and makes deterministic systems become, in practice, random processes
where only a probabilistic approach is possible. The main types of fractal basin, their nature, and the
numerical and experimental techniques used to obtain them from both mathematical models and real
phenomena are described here, with special atiention to their ubiquity in dillerent liclds ol physics.

DOI: 10.1103/RevModPhys.81.333 PACS number{s): 05.45.Df, 05.45.Ac, 05.45.Pq
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Effects of periodic forcing in chaotic scattering

Fernando Blesa,"” Jesds M. Seoane,>! Roberto Barrio,” and Miguel A. F. Sanjudn’
' Computational Dynamics Group, Departamento de Fisica Aplicada, TUMA, Universidad de Zaragoza, E-50009 Zaragoza, Spain
2Nonlinear Dynamics, Chaos and Complex Systems Group, Departamento de Fisica, Universidad Rey Juan Carlos,
Tulipdn s/n, 28933 Mdstoles, Madrid, Spain
SComputational Dynamics Group, Departamento de Matemdtica Aplicada and 1UMA, Universidad de Zaragoza, £-50009 Zaragoza, Spain
(Received 6 February 2014; published 17 April 2014)

The effects of a periodic forcing on chaotic scattering are relevant in certain situations of physical interest. We
investigate the effects of the forcing amplitude and the external frequency in both the survival probability of the
particles in the scattering region and the exit basins associated to phase space. We have found an exponential decay
law for the survival probability of the particles in the scattering region. A resonant-like behavior is uncovered
where the critical values of the frequencies @ = 1 and w == 2 permit the particles to escape faster than for other
different values. On the other hand, the computation of the exit basins in phase space reveals the existence of
Wada basins depending of the frequency values. We provide some heuristic arguments that are in good agreement
with the numerical results. Our results are expected to be relevant for physical phenomena such as the effect of
companion galaxies, among others.

DOL: 10.1103/PhysRevE.89.042909 PACS number(s): 05.45.Ac, 05.45.Df, 05.45.Pq

<

[nternational Journal of Bifurcation and Chaos, Vol. 22, No. 6 (2012) 1230010 (Y pages)
@ World Scientific Publishing Company
DOL: 10.1142/50218127412300108

TO ESCAPE OR NOT TO ESCAPE,
THAT IS THE QUESTION — PERTURBING
THE HENON-HEILES HAMILTONIAN

FERNANDOQO BLESA
Departamento de Fisicn Aplicada, Universidad de Zaragoza,
E-50009 Zaragoza, Spain

JESUS M. SEOANE
Nonlinear Dynamics, Chaos and Complexr Systems Group,
Departamento de Fisica, Universided Rey Juan Carlos,
Tulipdn s/m, 28933 Mdstoles, Madrid, Spaimn

ROBERTCO BARRIO
Departamento de Matemadtica Aplicada and TUMA,
Universidad de Zaragoza, E-50009 Zaragoza, Spain

MIGUEL A. F. SANJUAN
Nonlinear Dynomics, Chaos and Complex Systerns Group,
Departarnento de Fisice, Universidad Rey Juan Carlos,
Tulipdn s/n, 28933 Mdstoles, Madrid, Spain
Department of Mothematics, School of Science,
Beijing Jiaotong Umniversity, Beijing 100044, P. R. China

Received December 17. 2010

In this work, we study the Hénon—Heiles Hamiltonian, as a paradigm of open Hamiltonian
gystems, in the presence of different kinds of perturbations as dissipation, noise and periodic
foreing, which are very typical in different physical situations. We focus our work on both the
effects of these perturbations on the escaping dynamics and on the basing associated to the
phase space and o the physical space. We have also found, in presence ol a periodic [orcing, an
exponential-like decay law [or the survival probability ol the parlicles in the scattering region
where the frequency of the forcing plays a erucial role. In the bounded regions, the use of the
OFLI2 chaos indicator has allowed us to characterize the orbits. We have compared these results
with the previous ones obtained for the dissipative and noisy casc. Finally, we expect this work to
be useful for a better understanding of the escapes in open Hamiltonian systems in the presence
of different kinds of perturbations.

Keywords: Nonlinear dynamics and chaos; [ractals; numerical simulation ol chaolic systems.
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Caos y estructuras fractales en sistemas

hamiltonianos con escapes

Roberto Barrio

GME — University of Zaragoza, SPAIN

Homenaje al Prof. Miguel Angel Fernandez Sanjuan
Mostoles, 12 Diciembre 2019
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Bifurcaciones y Caos en sistemas Hamiltonianos

Roberto Barrio, Fernando Blesa, Sergio Serrano

GME — University of Zaragoza, SPAIN

Complejidad 2008
(Complejidad’08) Méstoles, 20—21 Noviembre 2008

R. Barrio, FB, SS (Universidad de Zaragoza) Bifurcaciones y Caos Complejidad’08



The Hénon-Heiles Hamiltonian'

The Hénon-Heiles Hamiltonian (1964)

L VRNV N DA S 2, 1.3
H_Z(X+Y)+2(x +y9)+ [ x°y 3y
SymmetrieS: Exit1
@ the spatial group is a dihedral
group Dj

@ the complete symmetry group
is D3 x T(TisaZQ
symmetry, the time reversal
symmetry)

coordinate y

- -1 - - !B
Exit2 coordinate x B3

1Hénon, M.; Heiles, C. (1964). “The applicability of the third integral of motion: Some numerical experiments”. The
Astronomical Journal. 69:73-r79

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 2/24



The Hénon-Heiles Hamiltonian

Theorem (Weinstein (1973))

If the Hamiltonian H(x, X) is of class C? near (x,X) = (0,0), where x, X € R", and the
Hessian matrix H..+(0, 0) is positive definite, then for e sufficiently small any energy
surface H(x,X) = #(0,0) + €2 contains at least n periodic orbits of the corresponding
Hamiltonian equations whose periods are close to those of the linear system

z = JH..(0,0)z.

Exit 1

Nonlinear normal modes:

@ from Weinstein’s theorem at
least 2

coordinate y

@ from the symmetries 8: I1;,
i=1,...,8 (Churchill et al.
(1979))

N..
Exit 2 w Bxit 3

1 -0.5 0 05 1
coordinate x

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 3/24



@ for # < 1/6 all orbits
are bounded.

@ for1/6 <#H $0.22
most orbits are
escape orbits and
some KAM tori
persist.

@ for 0.22 < H no KAM
tori and all orbits are
escape orbits (?).

Forbidden region

06 04 o [ 02 04 0B 08 1
coordinate y

[

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 4/24




@ For any value of E we have fractal exit basins.
@ The fractality decreases with E.

-0.8
-0.8

@ Wada basins: The basins have the Wada property?

2J4 Aguirre, J. C. Vallejo, and M. A. F. Sanjuén, Phys. Rev. E 64, 066208 (2001)
R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 5/24



Fractal st

the critical energy level: I1;

Below escape energy:

@ blue regular

L | 4

SN

@ red chaos.

Above escape energy:

Energy E

@ dark blue escape
orbits.

@ red escape with
transient chaos.

@ [ stability varies as
E approaches the
critical value.

coordinate x

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 6/24



Fractal structures near the critical energy level

-0.05 0 0.05

0 0.m 0.0

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 7124



Fractal bounded structures and symmetric p.o.

& Periodic orbits.
{ KAM tori disappear on y-axis around & OFLI2 chaos indicator.
E ~0.2113.

8/24

R. Barrio, F. Blesa, S. Serrano. EPL 82 (1) 10003 (2008).
MSJ 60's

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos



Fractal bounded structures and symmetric p.o.

& Red: unstable p.o.
{ Fat-fractal exponent of the regular

region: + — 0.637(+0.056). % Green: stable p.o.
& Small zones of stable periodic orbits.

04 06 08 1

R. Barrio, F. Blesa, S. Serrano. EPL 82 (1) 10003 (2008).

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60’s 9/24



Fractal and regular bounded str

In the escape region

Above the escape
0.2533 ; z energy:

@ Safe regions:
S bounded structures
02582 N in the escape region.

@ Small regular region
around E ~ 0.253.

@ Self-similar regions
with chains of
bifurcations inside.

.095 -0.09
coordinate y

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 10/ 24



Bifurcations: safe region

e<o0 e=0 e>0
02535 0.2535 .
i ] — e —— —
| ! SN /('\\
l l 0
: | ) l
0.2534F 0.2534F -\, . §
. | m=1
: ' Saddle-node bifurcation
' N generic
02533 02533f !
H H P
v H H
3 ' '
© 0.2532f 02532F h
2 h i
i h e
H
RORE < Pitchfork bifurcation
0.2531} 02531 H e symmetric
H h
H h
H
0.253, 0.253; H
h

A
v
' 1=
H Touch-and-go bifurcation
L generic

0.25: I I L L L L — 0.25
-0.11 -0.105 -0.1 -0.095 -0.09 -0.085 -0.08 -0.075 -0.07 -4 -2 0 2
Coordinate y Stability index k

R. Barrio, F. Blesa, S. Serrano, New Journal of Physics, 11 (5) 053004 (2009).

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 11/24



Adding perturbations: to escape or not to escape ...3

@ Unperturbed ]

_ % — axX + Agsin(wxt) +  V2e€(1)
. 87-[
— g7t ayy + Aysin(wyt) + V2en(t)

@ Dissipation —J

@ Periodic driving
@ White Gaussian noise

3“To escape or not to escape, that is the question—Perturbing the Henon-Heiles Hamiltonian”, F. Blesa, J. Seoane, R. Barrio,

M.A. Sanjuan, IJBC, Vol. 22, No. 6 (2012).
“Effects of periodic forcing in chaotic scattering”, F. Blesa, J. Seoane, R. Barrio, M.A. Sanjuéan, PRE 89, 042909 (2014).

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 12/24



@ Above o = 0.01 and below oo = 0.1

@ As the dissipation grows, the Wada property appears later.
@ There are more orbits that don’t escape.

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 13/24



Dissipation: changing the initial energy
o Left: « =0.01 and right: « = 0.1

0=0.01

@ The basins are not mixed when the dissipation grows.

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's



Periodic driving: A= 0.1

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 15/24



Periodic driving: Ay = A, =

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 16/24



Noise: E =0.19 and ¢ = 0.002

Noiseless case.

0.5

The basins appear smeared because of the noise effect.

J. M. Seoane, L. Huang, M. A. F. Sanjuan, and Y. C. Lai, Phys. Rev. E 79, 047202 (2009).

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 17/24



Adding perturbations: to escape or not to escape ...

4 [:4
o
g
S
sl i
0 50 100 150 200
T
(@)
0 T T T
o ]
[14 [:4
al ]
g =
S S
ol ]
8l ]
0 50 100 150 200
T
© (@

Fig. 4. Typical exponential decay law for the particles remaining in the scattering region. R denotes the fraction of particles
remaining in the scattering region. we shoot 5 x 10* with energy E = 0.2 from (zg,y0) = (0,~0.5) and 8 € (0, 2).
(a) Algebraic law of the unperturbed system. (b) In presence of dissipation. The dissipative parameter is &= 0.01 or &= 0.1
(c) Due to the noise effects. The intensity of the noise & = 0.01 and (d) with a periodic driving. The forcing amplitude is
A'=0.1 and the forcing frequency is w = 1 (resonant case), w = 0.1 or (¢) w = 10. The oscillations around the straight line
obtained from the linear regression of the numerical data is due to the value of the chosen frequency w.

@ And soon ... relativistic effects (Sanjuan, Bernal, Seoane, Blesa, Barrio)




Other open Hamiltonians: the Barbanis potential
H=3(X2+ Y2) + 5(x®+ y2) — xy2.
@ Two exits

@ Applications in quantum dynamics and to model S; < Sy
fluorescence excitation of benzophenone.

ERY /
Ao \
06 g
| |
0s \\i
04 {
w D
> /
3 -
5] y
o3l o @ 7 <
X 3 // N
>4 <
02 ES W= S
2 e 7 7 limit
Ee Y o . e m=1[L
0 \% . o m=2
2 * m=3
o m=4
08 06 04 02 0 2 12 -1 -08 06 -04 02 0 02 04 06 08 1 12
coordinate x coordinate x

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos

MSJ 60's
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But | am mathematician —
— Computer Assisted Proofs: interval arithmetic

Definition: Interval Newton Operator
Let yo € [y] (interval). Let f : R — R, C(", such that ' # 0 in [y].

N(yo Y1, f) = yo = ftg}(f)]))

o If y1, 2 € [y], and f(y1) = f(y2), then y1 = y».

o If N(yo, [y], f) C [y], then 3ly* € [y] such that f(y*) = 0.
o If N(yo,[y],f) N [y] = 0, then f(y) # O in [y].

o If y3 € [yl and f(y1) = 0, then y1 € N()o, [y]. ).

We have to transform our problem into a zero-finding problem.
Use of the CAPD software (Krakow)

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 20/24



Graphical theorem?.

Energy
Energy

H

H

Rigorous skeleton

H
H

Numerical skeleton

Theorem ~ 25000 proofs

Each point (except red points) represents the rigorous initial conditions
of a unique periodic orbit in an interval of radius 108, whose
multiplicity will be in {1, 2, 3, 4, 5}, according to the color (except red
points).

4H Barrio, M Rodriguez, F Blesa, “Computer-assisted proof of skeletons of periodic orbits”, Computer Physics
Communications 183 (2012), 80-85

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 21/24



Graphical theorem®

: T T T T 0.10025 T T T T
R D 2D enclosure
0.18 —— 1D enclosure
0.1002 Chebyshev polynomial i
0.16
0.14
0.10015 -
0.12
> >
2 o1 2 0.1001 4
2 2
u ]
0.08
0.10005 =
0.06
0.04
0.1 -
0.02 )
0 L L L L L 0_09955 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.2754 0.2755 0.2756 0.2757 0.2758 0.2759
Yo Yo

Inside each colored area there exist a continuous family of periodic
orbits of multiplicity 1, 2 or 5 according to the color.

5Systematic Computer Assisted Proofs of periodic orbits of Hamiltonian systems R Barrio, M Rodriguez Communications in
Nonlinear Science and Numerical Simulation 19 (8), 2660-2675, 2014.

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 22/24



Analytical theorem

Theorem. Family m = 1

For the Henon-Héiles system, let the energy E be in the interval
[0.01,0.18]. We consider E the linear transformation of E into the
interval [1, 1]. We define p*(E) = >.1°, ¢;T/(E), where T; are the
Chebyshev polynomials. Then for each E in [0.01,0.18] there exists a
unique periodic orbit of multiplicity 1, whose initial conditions are:

Yo=p(E) e
Xo = Yo =0
Xo = X (X0, Y0, Yo, E) (according to Hamiltonian equation)

where 0 < e < 104,

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 23/24



Analytical theorem of the existence of the KAM tori®

AN
|:| regular | "\
M chaotic

o0 @ Period-Doubling é 5o /. »
° cordinate yns ! coaozrdinat;;/ e e e Vzg)sofg?;afemy oo oo oo
@ Computer assisted proof of the existence of the families of

periodic orbits.

@ Computer assisted proof of the existence of multiplicity 1, 2, 3 and
4 bifurcations of periodic orbits.

@ Computer assisted proof of the existence of the invariant tori.

6“Systematic Computer-Assisted Proof of branches of stable elliptic periodic orbits and surrounding invariant tori”, D
Wilczak, R Barrio, SIAM Journal on Applied Dynamical Systems 16 (3), 1618-1649, 20171

R. Barrio (Universidad de Zaragoza) Bifurcaciones y Caos MSJ 60's 24/24
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OFLI2

iiFelicidades !l

Miguel Angel
'j.l

0.9/ OFLI2 = E=0.15 1.3

B 0.9 — 1.3
] 4, E=015
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