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We investigate the effects on the pitchfork bifurcation and the vibrational resonance of an
overdamped bistable system subjected to both a slow harmonic excitation and a fast periodic
excitation with different waveforms. We use numerical simulations along with theoretical expla-
nations to analyze some interesting phenomena. The bifurcation configuration depends closely
on the form of the fast excitation. As a result, we have found that the key factor to influence
the bifurcation configuration is the symmetry property of the fast excitation. Further, due to
the relationship of the vibrational resonance with the pitchfork bifurcation, the vibrational reso-
nance also depends closely on the form of the fast periodic excitation. Moreover, for anharmonic
fast excitations, if it is asymmetric, the vibrational resonance usually depends closely on the
initial conditions.

Keywords : Pitchfork bifurcation; vibrational resonance; overdamped bistable system; fast
periodic excitation.

1. Introduction

Bifurcations refer to a change of the equilibria of
a system, and when they occur, the behavior of
a system may change suddenly with unpredictable
consequences. One of the bifurcations that typically
occur in dynamical systems is the pitchfork bifurca-
tion (PB), which furthermore is related to the well-
known phenomenon of vibrational resonance (VR)

[Landa & McClintock, 2000; Ji & Leung, 2002;
Popov, 2003; Rajasekar & Sanjuán, 2016]. By
using numerical simulations, Landa and McClin-
tock found that there was a nonlinear relationship
between the response amplitude of the system at the
low-frequency (slow) excitation and the amplitude
of the high-frequency (fast) excitation. By adjust-
ing the fast excitation, the weak slow excitation
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is enhanced to a great extent [Ullner et al., 2003;
Chizhevsky & Giacomelli, 2008; Rajasekar et al.,
2012; Wang et al., 2014]. They coined this phe-
nomenon as Vibrational Resonance (VR). Both
the PB and VR are important topics in nonlinear
dynamics.

A bistable system is typically used to investi-
gate the PB and VR [Blekhman & Landa, 2004;
Thomsen, 2008; Rajasekar et al., 2010; Yao & Zhan,
2010; Yang et al., 2015; Yang et al., 2018]. To our
knowledge, there is very little work on how the
waveform of the fast excitation can influence the
PB configuration and VR. However, in the practice
of engineering, fast excitations appear usually in
different waveforms [Grassie et al., 1982; Yabuno
et al., 2004; Yabuno & Tsumoto, 2007; Mares et al.,
2013]. As a result, it would be necessary to study
the effect of the waveform of the fast excitation
on PB and VR. Due to the difficulty in solving
analytically the nonlinear response under compli-
cated excitations, we study PB and VR mainly by
numerical simulations. Some analytical results in
former works [Blekhman, 2000; Blekhman & Landa,
2004; Yang & Zhu, 2012] will be given as auxiliary
explanations.

The paper is organized as follows. In Sec. 2, we
will study the PB configuration induced by differ-
ent periodic fast excitations. In Sec. 3, we will study
the VR influenced by the waveform of the fast exci-
tation. In the last section, the main conclusions of
the paper are summarized.

2. Fast Excitation Forms on PB

We study the typical overdamped bistable system

dx

dt
= ax − bx3 + f cos ωt + Fu(t). (1)

Both a and b are system parameters. To make the
problem simpler, we fix a = 1 and b = 1. The term
f cos ωt corresponds to a slow excitation with fre-
quency ω and amplitude f . Fu(t) represents an aux-
iliary fast periodic excitation with amplitude F . We
consider the periodic function u(t) having either a
harmonic or an anharmonic waveform. If the period
of u(t) is 2π

Ω , we define ω � Ω. In addition, we
assume f � 1. In the following analysis, we fix
ω = 0.1, Ω = 10, f = 0.01.

For the function u(t), we will use six typical
periodic waveforms and their expressions as follows
[Gandhimathi et al., 2006].

Cosine waveform

u(t) = cos Ωt. (2)

Square waveform

u(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, 0 ≤ t <
π

Ω
,

−1,
π

Ω
≤ t <

2π
Ω

.

(3)

Asymmetric sawtooth waveform

u(t) =
Ωt

π
− 1, 0 ≤ t <

2π
Ω

. (4)

Symmetric sawtooth waveform

u(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2Ωt

π
− 1, 0 ≤ t <

π

Ω
,

−2Ωt

π
+ 3,

π

Ω
≤ t <

2π
Ω

.

(5)

Modulus of sine waveform

u(t) =
∣∣∣∣sin Ωt

2

∣∣∣∣. (6)

Rectified cosine waveform

u(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

cos Ωt, 0 ≤ t <
π

2Ω
or

3π
2Ω

≤ t <
2π
Ω

0,
π

2Ω
≤ t <

3π
2Ω

.

(7)

Graphical representations of the above six wave-
forms are shown in Fig. 1.

We will show the PB diagram by using numeri-
cal simulations for the six periodic waveforms u(t).
The numerical method for calculating the stable
equilibrium point is given in our previous work
[Yang et al., 2015, Eqs. (14)–(18)]. Nevertheless, we
will mention it briefly here. For a function f(x), the
Fourier series expanded in [0, 2π] is as follows

f(x) =
a0

2
+

∞∑
n=1

(an cos nx + bn sin nx). (8)
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Fig. 1. Curves of six different periodic waveforms. (a) Cosine waveform, (b) square waveform, (c) asymmetric sawtooth
waveform, (d) symmetric sawtooth waveform, (e) modulus of sine waveform and (f) rectified cosine waveform.

In Eq. (8), the coefficients of the Fourier compo-
nents are⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

an =
1
π

∫ 2π

0
f(x) cos(nx)dx (n = 0, 1, 2, . . .),

bn =
1
π

∫ 2π

0
f(x) sin(nx)dx (n = 0, 1, 2, . . .).

(9)

In Eq. (9), the constant component is

a0

2
=

1
2π

∫ 2π

0
f(x)dx. (10)

Since the time series x(t) cannot be described
by a specific function, the constant component can
be computed numerically,

X∗ =
a0

2
=

1
rT

∫ rT

0
x(t)dt. (11)

In fact, the constant component of the time series
is the stable equilibrium of the response, i.e. X∗ in
Eq. (11). The discrete form of Eq. (11) is

X∗ =
1

rT

N∑
i=1

(x(ti)Δt), N =
rT

Δt
. (12)

In Eq. (12), x(t) represents the time series with
total time T and interval Δt.

The analytical method is based on the method
of direct separation of fast and slow motions. In
previous work, the analytical method has been val-
idated and its result is shown in Eq. (13). Consid-
ering that the derivation of the analytical method
is rather complicated and it is not the objective of
this paper, we will show the bifurcation curve by
analytical results only for u(t) in the cosine wave-
form. The analytical result is as follows [Yang &
Zhu, 2012, Eqs. (7)–(13)]

X∗ = 0, X∗
± = ±

√
−C1

b
, (13)

where⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C1 = −a +
3bF 2

2μ2
,

μ2 =
(
−a + Ω cos

π

2

)2
+

(
Ω sin

π

2

)2
.

(14)

In Eq. (13), the former X∗ = 0 is the unstable equi-
librium of the response, while the latter X∗ is the
stable equilibrium of the response.
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Based on the above numerical and analytical
solutions, Fig. 2 is plotted to illustrate the diagram
of the equilibrium points. The black solid line in
panel Fig. 2(a) is plotted by using the analytical
method, as an example. It can be seen that the
theoretical analysis is in good agreement with the
numerical simulations, showing the reliability of
the method. Additionally, we find that the panels
Figs. 2(c), 2(e) and 2(f) have a deformed bifurca-
tion phenomenon. Specifically, for the cosine wave-
form, square waveform, symmetric sawtooth wave-
form cases, the PB diagram is symmetric, as shown
in Figs. 2(a), 2(b) and 2(d). However, for the asym-
metric sawtooth waveform, modulus of sine wave-
form, rectified waveform cases, the asymmetry of
the fast excitations breaks the symmetry of the PB
diagram. Moreover, we assume that there is a jump
phenomenon, so we enlarge the breaking parts in
the panels Figs. 2(c), 2(e) and 2(f) locally as shown
in Fig. 3.

As shown in Fig. 3, even if panel Fig. 2(c) is
enlarged ten thousand times, it is still difficult to
determine the specific position of its accurate bifur-
cation point, which indicates that the bifurcation
diagram corresponding to the excitation in Fig. 1(c)
has a jumping process. However, the bifurcation
points corresponding to excitations in Figs. 1(e)
and 1(f) can be determined with a relative accuracy.

Due to the complexity of the excitations, it will
be difficult to determine the position of the equi-
librium points by the analytical method. In order
to make the results more convincing, we plot the
phase diagram to do another verification as shown
in Fig. 4. In this figure, each signal corresponds to
two panels. One corresponds before the bifurcation
and the other one after the bifurcation. It can be
seen that each numerically calculated equilibrium
point (the small circle) is located at the center of
the corresponding phase curve. Hence, the phase
diagram verifies the correctness of Fig. 2 again.

Next, we use the cosine waveform to study the
bifurcation diagram. Figure 5 shows six cosine wave-
forms, which are converted slightly from the signal
shown in Eq. (4). Here, we define a deviated cosine
function

u(t) = cos Ωt + δ, (15)

where the constant δ indicates the deviation. The
deviated cosine waveform excitations given in Fig. 5
are used as fast excitations, and the corresponding
PB diagrams are shown in Fig. 6.

Apparently, as illustrated in Fig. 6, the devia-
tion δ will break the symmetry of the PB config-
uration. If δ > 0, the bifurcation point will move
upwards, and the critical value of F corresponding
to the PB point will decrease. Conversely, if δ < 0,
the bifurcation point will move downwards, and the
critical value of F will also decrease.

For the square waveforms, Fig. 7 shows six
kinds of square waveforms with different duty cycle
values [Nakamura et al., 2013], whose mathematical
expressions are shown in Eq. (16),

u(t) =

⎧⎪⎪⎨
⎪⎪⎩

1, 0 ≤ t <
2Rπ

Ω

−1,
2Rπ

Ω
≤ t <

2π
Ω

.

(16)

Here, the duty cycle is defined as the ratio between
the pulse duration, or pulse width and the period
of a rectangular waveform. We use the symbol R as
the duty cycle. When R = 0.5, we have the standard
square waveform as shown in Fig. 1(b).

The waveforms in Fig. 7 are used as fast excita-
tions and the corresponding PB diagrams are shown
in Fig. 8. Further, in Fig. 8, we have similar results
to those in Fig. 6. Specifically, the bifurcation point
will move upwards when R > 0.5, and the bifur-
cation point will move downwards when R < 0.5.
The critical value of F at the bifurcation point will
decrease when R �= 0.5. The greater the value of R
from 0.5, the more the difference of the PB config-
uration diagram from the standard PB bifurcation
diagram.

Consider the sawtooth waveforms with different
rising edge slopes, denoted by k, whose mathemat-
ical expressions are shown in Eq. (17),

u(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

kt − 1, 0 ≤ t <
2
k

Ωkt − Ω − πk

Ω − πk
,

2
k
≤ t <

2π
Ω

.

(17)

Figure 9 shows six sawtooth waveforms with differ-
ent values of k. In Fig. 9(c), the rising edge slope
equals the negative value of the slope of descend-
ing edge. It is the standard symmetric sawtooth
waveform. In other subplots of Fig. 9, the waveform
degenerates to the asymmetric sawtooth waveform.

The waveforms given in Fig. 9 are used as
fast excitations and the corresponding PB diagrams
are shown in Fig. 10. The results in Fig. 10 show
that the rising/descending edge slopes influence the
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(a) (b)

(c) (d)

(e) (f)

Fig. 2. The PB diagram corresponding to the six excitations given in Fig. 1 respectively.
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Fig. 3. Panels (a)–(c) correspond to the local enlargement of panels Figs. 2(c), 2(e), and 2(f), respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

(k) (l)

Fig. 4. The phase diagrams corresponding to different fast excitations before (left panel) and after (right panel) the bifurcation
with numerically calculated equilibria (small circles). Cosine waveform excitation in (a) F = 4 and (b) F = 12, square waveform
excitation in (c) F = 4 and (d) F = 12, asymmetric sawtooth waveform excitation in (e) F = 6.4 and (f) F = 12.8, symmetric
sawtooth waveform excitation in (g) F = 6.4 and (h) F = 12.8, modulus of sine waveform excitation in (i) F = 0.32 and
(j) F = 1.28, rectified cosine waveform excitation in (k) F = 0.64 and (l) F = 2.56.
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Fig. 5. The deviated cosine waveforms with different deviations. (a) δ = −0.10, (b) δ = −0.05, (c) δ = 0, (d) δ = 0.05,
(e) δ = 0.10 and (f) δ = 0.15.

(a) (b)

(c) (d)

(e) (f)

Fig. 6. The PB diagrams corresponding to six excitations given in Fig. 5 respectively.
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Fig. 7. Square waveform excitations with different duty cycle values. (a) R = 0.42, (b) R = 0.46, (c) R = 0.50, (d) R = 0.54,
(e) R = 0.58 and (f) R = 0.62.

(a) (b)

(c) (d)

(e) (f)

Fig. 8. The PB diagrams corresponding to the six excitations given in Fig. 7 respectively.
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Fig. 9. Sawtooth waveforms with different rising edge slopes k. (a) k = 2Ω
0.4π , (b) k = 2Ω

0.7π , (c) k = 2Ω
π , (d) k = 2Ω

1.3π ,

(e) k = 2Ω
1.6π and (f) k = 2Ω

1.9π .

(a) (b)

(c) (d)

(e) (f)

Fig. 10. The PB diagrams corresponding to the six excitations given in Fig. 9 respectively.
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symmetry of the sawtooth waveform and then influ-
ence the PB configuration and the location of the
PB point. With the decrease of the rising edge slope,
the PB point will occur from below X∗ = 0 to above
X∗ = 0.

In this section, we find that the cosine wave-
form, the square waveform, the symmetric saw-
tooth waveform, will induce symmetric PB. How-
ever, the asymmetric sawtooth waveform, the mod-
ulus of sine waveform, the rectified cosine waveform
will induce asymmetric PB. When the derivation of
the cosine waveform, the duty cycle of the square
waveform, the rising edge slope of the symmetric
sawtooth waveform, makes the waveform itself lose
the symmetric features, the symmetry of the PB
diagram also breaks, and the PB point is changed.

3. Fast Excitation Forms on VR

In this section, we will investigate the VR induced
by different fast excitations. For the special case,
we will use numerical simulations verified by ana-
lytical results. For the general case, we mainly
use the numerical simulations to reveal the VR
phenomenon. The VR is usually measured by the
response amplitude of the system at the input low-
frequency, which is calculated by

Q =

√
Q2

s + Q2
c

f
, (18)

where ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Qs =
2

rT

∫ rT

0
x(t) sin ωtdt,

Qc =
2

rT

∫ rT

0
x(t) cos ωtdt.

(19)

For the numerical solution, the discrete form of
Eq. (19) is

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Qs =
2

rT

N∑
i=1

x(ti) sin ωtiΔt,

Qc =
2

rT

N∑
i=1

x(ti) cos ωtiΔt

N =
rT

Δt
. (20)

If the fast periodic excitation is the harmonic
function case, such as in Eq. (2), the analytical solu-
tion of the response amplitude is shown in Eq. (21)

[Yang & Zhu, 2012, Eq. (16)]

Q =
1√(

ω2
r + ω cos

π

2

)2
+

(
ω sin

π

2

)2
, (21)

where

ω2
r = C1 + 3bX∗2

and X∗ is the stable equilibrium of the system
response.

These waveforms given in Fig. 1 are used as
fast excitations and the corresponding VR diagrams
based on the above solutions are shown in Fig. 11.
For the numerical simulations, we use all values in
x(1) = −3 : 0.5 : 3 as initial conditions. Apparently,
the initial condition influences the configuration of
the Q–F curve.

Analyzing Fig. 11 and comparing it with Fig. 2,
we can see that there are some relations between
the VR diagram and the bifurcation diagram. From
previous works, we know that the value of F cor-
responding to the bifurcation point is the same as
the value of F corresponding to the resonance peak.
This conclusion is also satisfied even when the VR
is weak such as in Figs. 11(c), 11(e) and 11(f).
Fast excitations induce symmetric PB such as in
Figs. 11(a), 11(b) and 11(d), which have larger Q
at resonance, that is, their VR phenomenon is obvi-
ous. Conversely, fast excitations cannot induce sym-
metric PB such as in Figs. 11(c), 11(e) and 11(f),
which have smaller Q at resonance, that is, their
VR phenomenon is weak.

Besides, there are many nonoverlapping curves
in Figs. 11(c), 11(e) and 11(f), which illustrate that
some initial values of the system cannot induce the
VR phenomenon, so it is necessary to examine the
initial values of the system more accurately. Natu-
rally, we divide the curves in Fig. 11 into three types
x(1) < 0, x(1) = 0 and x(1) > 0. We find that the
initial condition does influence the VR curve.

In order to further study the dependence of
the VR on the initial conditions, taking the square
waveforms in Fig. 7 as examples, the different VR
curves are shown in Fig. 12. Comparing Figs. 12
and 8, we find that provided the bifurcation point
moves up, the VR phenomenon will be induced only
when the initial value of the system is less than zero.
Provided the bifurcation point moves down, the VR
phenomenon will be induced only when the initial
value of the system is more than zero. Additionally,
the nonoverlapping curves in panels (d), (e) and (f)
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Fig. 11. The VR phenomenon. (a) Cosine waveform excitation, (b) square waveform excitation, (c) asymmetric sawtooth
waveform excitation, (d) symmetric sawtooth waveform excitation, (e) modulus of sine waveform excitation and (f) rectified
cosine waveform excitation. The initial conditions are all values in x(1) = −3 : 0.5 : 3.
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Fig. 12. The VR phenomenon induced by the waveforms in Fig. 7. (a) R = 0.42, (b) R = 0.46, (c) R = 0.50, (d) R = 0.54,
(e) R = 0.58 and (f) R = 0.62. The initial conditions are all values in x(1) = −2 : 0.2 : 2.
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π , (d) k = 2Ω

1.3π ,

(e) k = 2Ω
1.6π and (f) k = 2Ω

1.9π . The initial conditions are all values in x(1) = −2 : 0.2 : 2.
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in Fig. 12 indicate that when the initial value of
the system gradually increases from −2 to 0, the
VR curves gradually approach and coincide with
the non-VR curves.

In Fig. 13, we give the VR curve induced by the
excitations in Fig. 9, i.e. sawtooth waveforms with
different rising edge slopes. We have similar results
as that in Fig. 12. Specifically, the symmetry of the
fast excitation and the initial condition influence
the VR phenomenon greatly.

Finally, in order to make the dependence of the
response amplitude on the initial value much more
clear and intuitive, Fig. 14 shows the VR corre-
sponding to the six square waveforms in Fig. 7. It
can be judged that the VR induced by the square
waveforms has an obvious boundary. Specifically, if
the duty cycle R �= 0.5, the VR disappears when
x(1) < 0 for R < 0.5, and x(1) > 0 for R > 0.5. For
R = 0.5, it is the standard square waveform, and
the appearance of VR is independent of the initial
value. Moreover, the standard square waveform can
induce much stronger VR.

4. Conclusions

In this paper, we have investigated the PB and VR
in an overdamped bistable system when subjected
under both a slow excitation and a fast excitation
with different waveforms. Not any kind of fast exci-
tation can cause the standard PB diagram of the
nonlinear system. The fast excitation must satisfy
certain conditions, that is, the fast excitation should
have a harmonic or a symmetric waveform. Pro-
vided the fast excitation is an asymmetric wave-
form, the PB diagram will suddenly jump, and the
bifurcation point will move up or down. Although
some PB diagrams do not have an obvious jump,
they also need to be magnified greatly to determine
the location of the bifurcation point. Thus, the rel-
atively great change takes place as well. If the PB
diagram deforms, the initial values influence the VR
curve greatly, and the VR strength will significantly
reduce. By choosing an appropriate fast excitation
waveform, we can better control the bifurcation and
resonance of a nonlinear system.
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