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We investigate the vibrational resonance by the numerical simulation and theoretical analysis
in an overdamped system with fractional order potential nonlinearities. The nonlinearity is a
fractional power function with deflection, in which the response amplitude presents vibrational
resonance phenomenon for any value of the fractional exponent. The response amplitude of
vibrational resonance at low-frequency is deduced by the method of direct separation of slow and
fast motions. The results derived from the theoretical analysis are in good agreement with those
of numerical simulation. The response amplitude decreases with the increase of the fractional
exponent for weak excitations. The amplitude of the high-frequency excitation can induce the
vibrational resonance to achieve the optimal response amplitude. For the overdamped systems,
the nonlinearity is the crucial and necessary condition to induce vibrational resonance. The
response amplitude in the nonlinear system is usually not larger than that in the corresponding
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linear system. Hence, the nonlinearity is not a sufficient factor to amplify the response to the low-
frequency excitation. Furthermore, the resonance may be also induced by only a single excitation
acting on the nonlinear system. The theoretical analysis further proves the correctness of the
numerical simulation. The results might be valuable in weak signal processing.

Keywords : Vibrational resonance; fractional order nonlinearity; biharmonic excitations.

1. Introduction

Vibrational resonance (VR) is a typical nonlinear
phenomenon of the nonlinear systems subjected to
a low-frequency and a high-frequency excitation.
When VR occurs, the response of a system to the
low-frequency excitation can be amplified by the
high-frequency excitation [Landa & McClintock,
2000]. Nonlinear systems subjected to biharmonic
excitations are widely used in science and engineer-
ing fields. Hence, VR has been investigated in a vari-
ety of disciplines since it was proposed [Rajasekar &
Sanjuán, 2016; Yang, 2016].

To our knowledge, on all works of VR, the non-
linearity of the considered system is usually a power
function with an integer exponent. One reason for
choosing a nonlinearity with an integer exponent
is due to the simplicity in the modeling. In view
of mathematical problems, the nonlinearity may
be presented in a power function with a fractional
exponent. There are many references discussing this
issue [Kwuimy & Nbendjo, 2011; Li et al., 2012;
Zhang et al., 2016]. In order to understand the VR
phenomenon further, we will study the VR phe-
nomenon in nonlinear systems with a fractional
order potential nonlinearity. To make the problem
simpler, we consider the typical overdamped system
with a fractional order potential nonlinearity, which
is as follows.

dx(t)
dt

− ax(t) + bx(t)|x(t)|α−1

= f cos(ωt) + F cos(Ωt). (1)

In Eq. (1), f cos(ωt) and F cos(Ωt) represent low-
frequency and high-frequency excitations respec-
tively, i.e. ω � 1, Ω � ω. The system parameters a
and b have the same order of magnitude of 1, and
a > 0, b > 0. The nonlinearity exponent α can be an
integer or a fractional number and α > 1. As to the
nonlinearity in Eq. (1), it is usually used to model
the nonlinear part of a stress-strain relationship of
many materials [Cveticanin, 2009; Kwuimy et al.,
2015]. The VR in the traditional bistable system

can be considered as the special case of Eq. (1).
Since the VR theory has potential values in engi-
neering fields, such as in energy harvesting [Coccolo
et al., 2014], signal processing [Liu et al., 2017b;
Jia et al., 2018], mechanical fault diagnosis [Liu
et al., 2017a], etc., it is important to find a non-
linear model with higher VR efficiency than that in
the traditional bistable system. In other words, an
appropriate value of the fractional exponent should
be sought to realize a better nonlinear system. This
is the focus of this paper. Moreover, we consider
the nonlinear model with more physical meanings
as a signal processor. We aim to amplify the weak
low-frequency signal by VR method in an optimal
nonlinear system to a great extent.

For some special nonlinear systems, the VR
phenomenon is usually studied analytically by the
method of direct separation of slow and fast motions
[Blekhman, 2000; Thomsen, 2003]. Therefore, for
the nonlinear model shown in Eq. (1), we also adopt
the method of direct separation of slow and fast
motions to analyze the VR phenomenon. Thus, we
study here the VR by the numerical simulation
and theoretical analysis. The outline of the paper
is organized as following. In Sec. 2, we will dis-
cuss the VR phenomenon by the numerical simu-
lation. In Sec. 3, we will study the VR phenomenon
by the theoretical analysis. The effects of the high-
frequency excitation and the nonlinearity on the VR
response will be discussed in detail in Secs. 2 and 3.
In the last section, the main results of this work
are described. In addition, a simple comparison is
made in the VR and stochastic resonance based on
the same overdamped system with a fractional order
potential nonlinearity.

2. The VR Phenomenon by
Numerical Simulation

In this section, we will investigate in detail the
VR phenomenon in the fractional power system
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subjected to a single harmonic excitation and two
harmonic excitations, respectively.

2.1. The response of the system
subjected to a single harmonic
excitation

The potential of Eq. (1) is a fractional power func-
tion with deflection

V (x) = −a

2
x2 +

b

α + 1
|x|α+1. (2)

It is a bistable system when α > 1 no matter if α is
an integer or a noninteger number. The form of the
potential is independent of the exponent of the non-
linearity. It is very similar to the traditional bistable
potential. There are three equilibria for the poten-
tial in Eq. (2). Specifically, one unstable equilibrium
x0 = 0 and two stable equilibria x1,2 = ±(a

b )
1

α−1 .
When a = 1 and b = 1, the plots of the potential
function are given in Fig. 1 for different values of
the fractional exponent.

To analyze the VR phenomenon, we need to
study the response amplitude at the low-frequency,
which is defined by

Q(ω) =

√
Q2

sin(ω) + Q2
cos(ω)

f
, (3)

where

Qsin(ω) =
2

rT

∫ rT

0
x(t) sin(ωt)dt,

Qcos(ω) =
2

rT

∫ rT

0
x(t) cos(ωt)dt.

The value r is a positive integer number which
should be large enough, while T is the period of
the low-frequency excitation. If only one excitation
is considered, the definition of the response ampli-
tude at the excitation frequency is similar to that
in Eq. (3).

In Figs. 2 and 3, the response amplitude under
a single harmonic excitation is plotted respectively.
In Figs. 2(a) and 2(b), Eq. (1) is only subjected to
the low-frequency excitation. In Figs. 3(a) and 3(b),
Eq. (1) is only subjected to the high-frequency exci-
tation. In all subplots of Figs. 2 and 3, there is
no divergence with the variation of the nonlinear-
ity exponent. Another fact can be found in Figs. 2
and 3. Specifically, the resonance can be induced by
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Fig. 1. The potential of Eq. (1) under different values of the
exponent α, a = 1 and b = 1.

the harmonic excitation amplitude. It is an impor-
tant result in the nonlinear system. As is known to
all, in the linear system, the response amplitude is
independent of the excitation amplitude.

2.2. The response of the system
subjected to two harmonic
excitations

In Fig. 4, under different values of f and α, the
plots of the response amplitude versus the control
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(a)

(b)

Fig. 2. The response amplitude of Eq. (1) subjected to a
single low-frequency harmonic excitation, a = 1, b = 1, ω =
0.15, F = 0. The curves in (a) and (b): α = 2, α = 2.5, α = 3,
α = 3.6, α = 4, α = 5.

parameter F are given. In Fig. 4(a), when α = 1.4
and f = 0.3, the VR phenomenon is not explicit.
On all other curves in Fig. 4, the VR phenomenon
is more evident. More importantly, the response of
the system will not be divergent no matter if the
exponent of the nonlinearity is an integer or a non-
integer number. The reason lies in the fact that the
equivalent potential of Eq. (1) will always have at
least one stable equilibrium. Therefore, the excita-
tion cannot induce the response to be divergent in
Fig. 4.

In Fig. 5, the exponent of the nonlinearity is
considered as a control variable and the curves of Q–
α are plotted under different values of the strength
of the low-frequency excitation. Two important
facts are shown there. On the one hand, the
response amplitude Q decreases with the increase
of the exponent value α. On the other hand, the
response will not be divergent for any value of α. In
other words, the response of Eq. (1) is not easy to
be divergent.

In Fig. 6, we plot the curves of the response
amplitude Q versus the amplitude of the high-
frequency excitation for some small values of α.
When α = 1, Eq. (1) turns into a linear equation

dx(t)
dt

+ (b − a)x(t) = f cos(ωt) + F cos(Ωt). (4)

The steady solution of this equation is

x(t) =
f√

ω2 + (a − b)2
cos
(

ωt + arctan
ω

a − b

)

+
F√

Ω2 + (a − b)2
cos
(

Ωt + arctan
Ω

a − b

)
.

(5)

The response amplitude at the low-frequency is
accurately calculated as

Q =
1√

ω2 + (a − b)2
. (6)

(a)

(b)

Fig. 3. The response amplitude of Eq. (1) subjected to a
single high-frequency harmonic excitation, a = 1, b = 1, f =
0, Ω = 4. The curves in (a) and (b): α = 2, α = 2.5, α = 3,
α = 3.6, α = 4, α = 5.
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Fig. 4. The response amplitude of Eq. (1) versus the variable F when the system is subjected to two harmonic excitations.
The simulation parameters are a = 1, b = 1, ω = 0.2 and Ω = 4.
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Fig. 5. The response amplitude of Eq. (1) versus the exponent α when the system is subjected to two harmonic excitations.
The simulation parameters are a = 1, b = 1, ω = 0.2 and Ω = 4.
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Fig. 6. The response amplitude of Eq. (1) versus the variable
F when the system is subjected to two harmonic excitations.
The simulation parameters are a = 1, b = 1, f = 0.1, ω = 0.2
and Ω = 4.

It is independent of the high-frequency excitation,
as shown in Fig. 6. Importantly, nonlinearity is the
key and the necessary condition to induce the VR
phenomenon. Different from Fig. 2, the values of the
resonance peaks are almost identical. These peak
values approach the response amplitude of the cor-
responding linear system. In other words, Eq. (1)
can create the response to achieve the strongest
resonance.

3. The VR Phenomenon by
Theoretical Analysis

In this section, in order to obtain the analytical
results of Eq. (1) under two harmonic excitations,
we will introduce the method of direct separation
of slow and fast motions to investigate VR
phenomenon.

Introducing the substitution variable

x(t) = X(t) + Ψ(t), (7)

where X and Ψ are the slow and fast motions,
respectively. Substituting Eq. (7) into Eq. (1), then
Eq. (1) is rewritten as

dX

dt
+

dΨ
dt

= aX + aΨ − b(X + Ψ)|X + Ψ|α−1

+ f cos(ωt) + F cos(Ωt). (8)

Due to the presence of absolute symbol in
Eq. (8), we discuss two situations.

(I) When X(t) + Ψ(t) > 0, Eq. (8) is expressed as

dX

dt
+

dΨ
dt

= a(X + Ψ) − b(X + Ψ)α

+ f cos(ωt) + F cos(Ωt). (9)

According to the binomial theorem, Eq. (9) is
rewritten as

dX

dt
+

dΨ
dt

= a(X + Ψ) − b

[α]∑
k=0

Ck
αXα−kΨk

+ f cos(ωt) + F cos(Ωt), (10)

where [•] denotes integral function towards zero. Ck
α

is the binomial coefficient. The linear equation of
the fast motion Ψ originates from Eq. (10) as

dΨ
dt

= aΨ + F cos(Ωt). (11)

Assuming the approximate solution of the linear dif-
ferential equation (11) is Ψ = µ cos(Ωt − θ), and
substituting it into Eq. (11), we can attain the fol-
lowing results,

−µΩ = −F sin θ, aµ = −F cos θ. (12)

The approximate solution Ψ is calculated by squar-
ing and summing the left- and right-hand sides of
Eq. (12) respectively, which is

Ψ =
F√

a2 + Ω2
cos
(

Ωt + arctan
Ω
a

)
. (13)

The approximate solution Ψ is substituted into
Eq. (9), then integral operation is implemented in
the interval [0, 2π

Ω ]. In the process of integration, the
variables X and f are regarded as constants.

dX

dt
= aX − bΩ

2π

[α]∑
k=0

(
Ck

αXα−k

∫ 2π
Ω

0
Ψkdt

)

+ f cos(ωt). (14)

As we know, integral term
∫ 2π

Ω
0 Ψkdt = C

k
2
k

2k µk 2π
Ω

when k is 0 or an even number, and integral term∫ 2π
Ω

0 Ψkdt = 0 when k is odd number. Hence,
Eq. (14) is re-expressed as

dX

dt
= aX − b

[ α
2
]∑

k=0

(
C2k

α Xα−2k Ck
2k

22k
µ2k

)

+ f cos(ωt). (15)
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Fig. 7. The positive equilibrium points X1 versus the non-
linearity exponents α when α is an integer or a noninteger
number. The related parameters are a = 1, b = 1, F = 1.5,
ω = 0.2 and Ω = 4.

We can obtain the equilibrium points for differ-
ent nonlinearity exponents α by solving equation
aX − b

∑[ α
2
]

k=0(C
2k
α Xα−2k Ck

2k

22k µ2k) = 0 from Eq. (15).
The curves of the positive equilibrium points X1

versus the nonlinearity exponents α are given in
Fig. 7. No matter if α is the integer nonlinearity
exponent or the noninteger, the value of the posi-
tive equilibrium point decreases with the increase of
the nonlinearity exponent value. The system with
a fractional order potential nonlinearity possesses
different positive stable equilibria for different non-
linearity exponents, which indicates that the VR
phenomenon is generated in a suitable bistable sys-
tem by choosing an appropriate exponent value for
the arbitrary low-frequency excitations. There are
two stable equilibria X1,2 = ±(a

b )
1

α−1 at k = 0 and
1 < α < 2, which are consistent with the results
obtained directly from Eq. (2). Thus, when a = 1,
b = 1 and 1 < α < 2, the positive stable equilib-
rium point X1 = 1, is as shown in Fig. 7. Without
regard to external excitation f cos(ωt) in Eq. (15),
the Taylor expansion is carried out at the positive
stable equilibrium point X1. Equation (15) is con-
verted to

dX

dt
= a(X − X1) − b

[ α
2
]∑

k=0

×
(

C2k
α (α − 2k)Xα−2k−1

1

Ck
2k

22k
µ2k(X − X1)

)
.

(16)

Letting y = X − X1, then Eq. (16) is changed to

dy

dt
=


a− b

[ α
2
]∑

k=0

(
C2k

α (α− 2k)Xα−2k−1
1

Ck
2k

22k
µ2k

) y.

(17)

(II) When X(t) + Ψ(t) < 0, Eq. (8) is expressed as

dX

dt
+

dΨ
dt

= a(X + Ψ) + (−1)αb(X + Ψ)α

+ f cos(ωt) + F cos(Ωt). (18)

We can attain the following Eq. (19) by using the
same method shown in Eqs. (10)–(15) to deal with
Eq. (18).

dX

dt
= aX + (−1)αb

[ α
2
]∑

k=0

(
C2k

α Xα−2k Ck
2k

22k
µ2k

)

+ f cos(ωt). (19)

Without consideration of the external excitation
f cos(ωt) in Eq. (19), the Taylor expansion is imple-
mented at the negative stable equilibrium point X2.
Equation (19) is converted to

dX

dt
= a(X + X2) + (−1)αb

[ α
2
]∑

k=0

×
(

C2k
α (α − 2k)Xα−2k−1

2

Ck
2k

22k
µ2k(X + X2)

)
.

(20)

We know that two stable equilibria of the bistable
system are symmetric, therefore, X2 = −X1. Sub-
stituting y = X + X2 into Eq. (20), which is then
converted to

dy

dt
=


a− b

[ α
2
]∑

k=0

(
C2k

α (α− 2k)Xα−2k−1
1

Ck
2k

22k
µ2k

) y.

(21)

It is easy to find that Eq. (17) is exactly the
same as Eq. (21). In other words, the results of
direct separation of slow and fast motions are iden-
tical in the case of both X(t) + Ψ(t) > 0 and
X(t) + Ψ(t) < 0.

Letting

Cr = a − b

[ α
2
]∑

k=0

(
C2k

α (α − 2k)Xα−2k−1
1

Ck
2k

22k
µ2k

)
,
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then Eqs. (17) and (21) are both converted to a
linear first order differential equation under a har-
monic excitation.

dy

dt
= Cry + f cos(ωt). (22)

We can obtain the solution of the linear differential
equation (22), which is

y =
f√

ω2 + C2
r

cos
(

ωt + arctan
ω

Cr

)
. (23)

The solution y of the linear differential equa-
tion is also the resonance response of the nonlinear
system with a fractional order potential nonlinear-
ity as shown in Eq. (1). The response amplitude at

the low-frequency is accurately calculated as

Q =
1√

ω2 + C2
r

. (24)

In the process of theoretical analysis, the term
(X + Ψ)α is expanded according to the binomial
theorem. In the expression of Cr, [α2 ] = 0 when
1 < α < 2, hence, Cr is independent of the
high-frequency excitation amplitude F . It is in
accordance with the resonance response of a linear
system. At α = 2 and k = 1, the term α − 2k = 0,
Cr is still independent of the excitation ampli-
tude F . The binomial theorem used in the theo-
retical analysis has some limitations for the case
of smaller nonlinearity exponents. The larger the
nonlinear exponent, the more accurate the value

0 2 4 6 8 10
F

0

5

Q

0 2 4 6 8 10
F

0

5
Q

(a) α = 2.6 (b) α = 3

0 2 4 6 8 10
F

0

5

Q

0 2 4 6 8 10
F

0

5

Q

(c) α = 3.4 (d) α = 4

0 2 4 6 8 10
F

0

5

Q

0 2 4 6 8 10
F

0

5

Q

(e) α = 4.3 (f) α = 5

0 2 4 6 8 10
F

0

5

Q

0 2 4 6 8 10
F

0

5

Q

(g) α = 5.6 (h) α = 6

Fig. 8. The response amplitude Q obtained by the theoretical analysis versus the high-frequency excitation amplitude F .
The involved parameters are a = 1.5, b = 0.4, Ω = 4 and ω = 0.2.
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(a) X1 = 1.0 (b) X1 = 0.9288
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0
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6

Q

(e) X1 = 0.7941 (f) X1 = 0.7848

Fig. 9. The response amplitude Q obtained by the theoretical analysis depends on the nonlinearity exponent α under different
variable X1. The involved parameters are a = 1, b = 1, Ω = 4, ω = 0.2 and F = 1.5.

of the response amplitude. In fact, the nonlinear-
ity is existent for 1 < α ≤ 2. For the situa-
tion of larger exponents, the plots of the response
amplitude Q derived by the theoretical analysis
versus the amplitude of high-frequency excitation
are shown in Fig. 8 for different exponents α. For
each nonlinearity exponent, there is an optimal
high-frequency excitation amplitude achieving the
optimal response of VR. As the nonlinearity expo-
nent increases, the amplitude of the high-frequency
excitation required to generate the optimal VR
decreases. The results of the theoretical analysis are
in agreement with those of the numerical simulation
shown in Fig. 4.

The response amplitude Q depends on the
exponent α for different positive stable equilibria

X1, as shown in Fig. 9. The values of the stable
equilibria are selected from Fig. 7. The response
amplitude Q decreases with an increasing expo-
nent value α. The results are completely identical
with those displayed in Fig. 5. The theoretical
analysis proves the correctness of the numerical
simulation.

4. Conclusions

The VR phenomenon is investigated by the numer-
ical simulation and theoretical analysis in the over-
damped system with the fractional order potential
nonlinearity. The nonlinearity is a fractional power
function with deflection. To our knowledge, the cor-
responding results on VR in the fractional power

1850082-10
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system have not been reported earlier in previous
works. There are some new and interesting results.

The nonlinearity is in a fractional power func-
tion of deflection form, there are four important
findings in the nonlinear system. First, the response
will not be divergent no matter if the excitation
is a single harmonic excitation or two-frequency
harmonic excitations. Second, the VR phenomenon
exists for any value of the fractional exponent.
Third, the response amplitude versus the fractional
exponent is a decreasing function. Fourth, the non-
linearity is the key and necessary factor to induce
the VR phenomenon, however, it is not the suffi-
cient factor to amplify the response to the weak low-
frequency excitation. The peaks of the VR curve are
usually smaller than the response amplitude of the
corresponding linear system. The results of theo-
retical analysis are in good agreement with those of
numerical simulation, which verifies the correctness
of the conclusions.

Through the results in this paper, we find that
the system which possesses a fractional power func-
tion with deflection is an excellent system that
can amplify the weak low-frequency excitation to
a great extent. Besides, the response of the system
is not easy to be divergent. We think that our find-
ings might be useful in the signal processing fields.

In the present work, two harmonic signals are
considered as excitations of the nonlinear system. If
one of the excitations is a noise, the VR is replaced
by the famous stochastic resonance (SR). SR in
overdamped system with fractional power nonlin-
earity is researched in our previous work [Yang
et al., 2017], the results of which are similar to
those of VR. In the SR, the response of the system
also closely depends on the fractional exponent and
noise intensity. The spectral amplification factor
decreases with the increase of fractional exponent,
which is identical to VR as shown in Fig. 5. The
existence of optimal noise intensity (amplitude of
the high-frequency excitation) in SR (VR) opti-
mizes the response of the system no matter if α
is an integer or a noninteger number. The results
obtained from the SR analysis also indicate that
the nonlinearity is the key and necessary condition
to induce SR, however, it is not the sufficient condi-
tion to amplify the weak low-frequency signal. Both
in SR and VR analyses, the overdamped system
with fractional deflection nonlinearity has a good
performance.
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